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A~t~et-~x~i~~~i results have been obtained for mass transfer to air bubbles adhering to the inside 
wall ofa tube with su~rsaturated liquid flowing past. The liquids used were water, water with the addition of 
surface active agents, and ethylene glycol. Reasonable agreement with an analysis based on penetration 

theory was found. 

NOMENCLATURE 

surface area of bubble; 
concentration of dissolved 
mass/vol~e ; 

gas, 

diam~t~ of bubble; 
diameter of equivaIent sphere; 
initial bubble diameter ; 
mol~ular diffus~vity ; 
half distance bubble projects from wall, 
equation (3); 
liquid mass transfer coefficient ; 
length of bubble attached to wall, equation 

(4); 
power in equation (5); 
power in equation (5); 
bubble radius ; 
initial bubble radius; 
initial bubble Reynolds number, interpreted 
for calculations as lu/v; 
Schmidt number, v/D; 
time ; 
relative velocity of liquid flowing past 
bubble, velocity at a distance h from the wall ; 
bubble volume, initial bubble volume; 
film thickness for diffusion ; 
contact angle; 
kinematic viscosity; 
density of gas. 

I~ODU~ION 

THE GROWTH of gas bubbles adhering to a wall with 
liquid flowing past does not appear to have been 
syst~mat~~~y studied, in spite of its potential impor- 
tance in many fields. The results to be described in this 
paper are part of a program of work on the mass 
transfer processes which includes the question of the 
size of the bubbles when they detach into the flow. 

It is widely accepted now that bubbles growing from 
dissolve gas that are then swept off solid surfaces into 
the flow are the main source of cavitation nuclei in 

* Present address: State Organization for Oil Projects, 
Eaghdad, Iraq. 

flowing systems [I]. Cavitation modelling experi- 
ments have been su~ssf~ly interpreted in this way 
[2]_ Also all the main trends evident in flowing liquid 
metal superheat experiments have been explain 
the ~sumpt~on of nucleatjon by gas bubbles that have 
come out of solution elsewhere in the system [3]. 

This paper describes the growth of air bubbies in 
water, water with surfactants, and ethylene glycol, on 
various surfaces exhibiting different contact angles. A 
companion paper describes the bubble diameter on 
detachment results [4], 

Previous work on the growth of gas bubbles with 
liquid flowing past has been largely confined to freely 
rising bubbles. An early theoretical investigation was 
that of Boussinesq [S] who applied potential flow 
theory to the equivalent heat transfer problem. ‘fnter- 
preted as a mass transfer result this gives the liquid 
side mass transfer coefficient as 

k = (4/~)‘!~ (~/~)Ilz (1) 

where D is the molecular diffusivity, u the relative 
velocity of bubble and liquid and d the bubble 
diameter. 

Higbie [6] obtained the same result using pene- 
tration theory. Starting with the standard result that 
the average liquid mass-transfer coefficient for a sphere 
immersed in a liquid for a time t is ~4~/~t)1’2, he 
interpreted the time of exposure t for a bubble with 
liquid flowing past at a velocity u as d/a. 

A number of measurements on freely rising bubbles 
have shown reasonable agreement either with equa- 
tion (1) or with a slightly modified form of it. For 
example Calderbank et al. [7] made measurements on 
large, 5-40 mm equivalent spherical diameter, bubbles 
of carbon dioxide rising in distilled water, and in- 
terpreted d in equation (1) as the equivalent diameter. 
Johnson et al. [S] using similar sized bubbles of 
various gases r~ommended replacing d in the equa- 
tion by 0.45 -I- 0.2d, (cm units). The form of this comes 
from an empirical relation for the height of non- 
spherical bubbles, but the numerical values were 
chosen to agree with the experimental results. GriEth 
[9] found agreement with a version of the equation 
that had been modified to take into account the effects 
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of static diffusion which become important for small 

bubbles. 

Work on bubbles growing in contact with a solid 

surface appears to be confined to static liquids. Manley 

[lo] observed the solution of bubbles in water trapped 

under a Perspex plate. The measurements were in 
reasonable agreement with the theory of Epstein and 
Plesset [l 11, but there was some evidence of reduced 

mass transfer at small bubble diameters which was 
attributed to a skin of organic impurity. Forster [12] 
presented a theoretical investigation into the effect the 
presence of a wall has on the growth of vapour bubbles 

in stagnant boiling. The interesting experimental ob- 
servation that contact angle has no effect on the 

growth rate of carbon dioxide bubbles in water was 
made by Buehl and Westwater [13]. 

The effect of surface active agents on the rate of mass 
transfer seems to be variable. In order to achieve a 

reduction of 20% in mass-transfer surfactant con- 
centrations in the hundreds or thousands of parts per 
million are usually required [14, 151. However, a 20% 

reduction can result from as little as 1 ppm ofn-octanol 

in water [16]. 

THEORY 

To obtain our equation for the bubble volume as a 

function of time we adopt a simplified form of the 

penetration theory. It is a standard result of diffusion 

theory that a dissolved substance can diffuse a distance 

6 in a time t given approximately by D = b2/t. If for the 

case of a bubble attached to a wall with liquid flowing 

past we assume that we can calculate the time of 

exposure to fresh liquid from some appropriate ve- 

locity u and linear dimension of the bubble d, then the 
film thickness is given by 6 = (Dd/u)““. 

The rate of mass transfer across this film for a bubble 

of surface area A is 

ADAc/6 = AAc(Du/2r)“* 

i.e. as would be given by the Boussinesq equation apart 
from the factor of (4/n) li2 = 1.13. Acis thedifferencein 

concentration between the surface of the bubble and 
the bulk liquid, r is the bubble radius. 

This rate of mass transfer equals the rate of increase 

of volume of the bubble multiplied by its density, p, i.e. 

A drp = AAc(Du/2r)“’ dt 
or 

r”* dr = (Du/2)“* (Ac/p)dt. 

If we assume that u can be regarded as constant, which 
in the case of a bubble projecting into a turbulent flow 
is not unreasonable provided the range of values of r is 
not too great, then the equation can be integrated from 
an initial radius r,, over a time interval t to give 

(r/ro)3’2 = 1 + (3Act/2p)(Du/2)1’2r;3!2 

or in terms of final and initial volumes 

V/V, = 1 + (3 Act/p)(Du/2)“2r~3i2 

+ (9Du/8rG)(Act/p)‘. 

Introducing the initial bubble Reynolds number, &, 
= d,u/v, and the Schmidt number. Sc = Y/D. the 
equation becomes 

V/I’, = 1 + 6(Dt/d;)(Re,,Sc)“2(Ac,pj 

+ 9(Dt/d;)zRe,Sc(Ac,‘p)L. (2) 

HOW u and d in the bubble Reynolds number arc 
calculated is discussed later. 

APPARATUS 

The apparatus is shown in Fig. 1. The test section is 

simply a cylindrical tube of glass, Perspex, or glass 

treated with water repellent, fitted either in position 
AB or in CD, depending on the flow direction desired. 
Liquid at atmospheric pressure is drawn from the left 

hand reservoir through the test section, through the 

pump (8) and is discharged into the right hand 
reservoir. By partly closing the appropriate valve 

upstream of the test section the pressure in the test 
section falls low enough for dissolved gas to come out 

of solution and gas bubbles on the wall of the pipe start 

to grow and can be observed through the transparent 

walls. Obtaining a low pressure in the test section is 
assisted by having it some 1.5 m above the level of the 

free liquid surface in the reservoir. 

Since there is considerable free surface in the circuit 

exposed to the atmosphere the dissolved air content of 

the liquid is always close to saturation at atmospheric 
pressure throughout the system. Once the pressure in 

the test section is reduced to about half an atmosphere 
absolute large numbers of bubbles appear on the walls. 
The size of the reservoirs was calculated on the basis 

that they would not allow any air bubbles through. 
Large bubbles would be able to rise out against the 
slow downward liquid velocity in the right hand 
reservoir, and smaller ones would have time to dis- 
solve. The liquid siphoned over into the left hand 

reservoir was in fact always free of bubbles. 
The Bow rate is measured at the orifice (9) by the 

manometer (10) over a liquid of specific gravity 1.88. 
The pressure in the test section is measured by a 
mercury manometer (not shown). In preliminary 
measurements difficulty was experienced with pressure 
pulses from the pump reaching the test section and 
causing the bubbles to vibrate. This was overcome by 
fitting a damper in the line (11). This consists of a 
cylindrical chamber about 120mm diameter and 
370mm long mounted with its axis horizontal and 
about 80% full of liquid. 

Diameters of the bubbles and of the area of contact 
between the bubble and the wall are measured using a 
travelling microscope with a moving cross wire. The 
microscope is fitted on an optical bench and can be 
moved parallel to the test section. For the rates of 
bubble growth involved in these measurements this 
technique was found the most convenient, and for 
measurement of the contact area it was found to be 
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FIG. 1. Layout of the experimental rig. The test section goes in position AB or CD depending on the flow 
direction desired. 

superior to photography, because frequently the con- 
tact area could not be clearly distinguished on the 
photographs. 

The contact angle 0 is calculated, from measure- 
ments on small bubbles whose spherical shape has not 
been distorted by the flow, using the formula 

sin 0 = 
contact area diameter 

bubble diameter ’ 

The normal experimental procedure was to start at a 
low flow velocity, measuring bubble diameter as a 
function of time until the bubble broke away from the 
wall. Measurements were then repeated on another 
bubble at the same flow rate, until at least five sets of 
data had been obtained. Then the flow rate was 
increased. All the data at a given flow rate was then 
averaged. 

The test liquids were water, water with surfactant 
and ethylene glycol. The main reason for studying the 
effect of surface active chemicals was to see if results 
obtained with pure liquids might not apply to a 
practical system because of trace contamination by 
surface active compounds. This is why we used 
commercial detergents rather than pure chemicals. 

The surface active substances used were kindly 
supplied by Albright and Wilson Ltd. Four surface 
active agents were used to study their influence on the 
rate of mass transfer, and the bubble diameter on 
detachment. These surface active agents were: 

(a) EMDZCOL ESB: This agent is one of a range of 
three medium salts of sulphated lauryl alcohol. It 
contains (27.6%) sodiul lauryl sulphate, (0.8%) Free 
lauryl ether, (0.4%) sodium sulphate, (0.7%) sodium 
chloride, and (70.1%) water. 

(b) EMPZUN KA590: This is an anionic agent, 
containing (900/J active matter. 
(c) NANSA KES 42 : This is a (42%) liquid detergent. 
It is based on a mixture of a straight chain sodium 
dodecyl benzene sulphate (26.0x), lauryl ether sul- 
phate (9.0x), magnesium xylene sulphated (8.0x), the 
rest is water. 
(d) NANSA YS 94 : This is an isopropylamine salt of 
SO,-sulphated dodecyl benzene of the predominantly 
straight chain type. It is a viscous liquid, (104) centi- 
stokes at (20°C). It contains (94.0%) active matter, 
(1.0%) sulphate ion, the rest is water. 

It proved impossible to use concentrations of these 
detergents much above 30ppm because of foaming 
problems in the pumped circuit. 

Two tube sizes were used, 19 and 23 mm i.d. For the 
upward and downward flow measurements the tubes 
were inclined at 40” to the horizontal. 

The water repellent, used to give large contact 
angles, was ‘Repelcote’, a 2% solution of dimethyldi- 
chlorosilane in carbon tetrachloride. 

MEASUREMENT OF PHYSICAL PROPERTIES 

Nearly all of the properties of the test liquids that 
were required for the calculations were measured as 
part of the project. 

Viscosity was measured using a capillary viscometer 
in the Chemical Engineering Department, density 
both using an accurate hydrometer and by weighing a 
known volume measured by a 1 cc pipette. 

For the surface tension measurements we built an 
apparatus of the maximum bubble pressure type. 
Microscopic observation of the end of the capillary 
tube confirmed that the minimum bubble radius was 
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FIG. 2. Apparatus to measure the solubility of air in the 
various liquids. 

that of the capillary, and the apparatus gave values for 
distilled water very close to the accepted ones. 

To measure the solubility ofair in the various liquids 
we designed and built an apparatus of the type used by 

Adeney [ 171. The operation of this device depends on 
the change in pressure which occurs when a liquid is 

placed in contact with a closed volume of gas which it 
is capable of absorbing, as will be understood by 

reference to Fig. 2. The volume of gas V,, is connected 
through a manometer with a volume of gas V,, there 

being sufficient liquid in I/, to ensure saturation of the 
gas with vapour, and the liquid under test is in contact 
with the gas in V,. When the tap is closed, any 

absorption of gas by the liquid from V, results in a 
decrease in pressure which is indicated on the mano- 
meter, and from this reading, the volume of gas 

absorbed can be calculated. The apparatus was con- 

structed in glass and provided with a water jacket in 
which the temperature of the circulating water could 

be controlled by a thermostat. The absorption time is 
considerably reduced by using a magnetic stirrer. 

Initially the sample of liquid must be free of dissolved 

air, and this is ensured by connecting the vessel to a 
vacuum pump and stirring for at least an hour. 

The diffusivities were not measured, the values used 

were 2.49 x lo- 5 cm2 s- ’ for water [18] and water 
with surfactant and 0.35 x lo- 5 cm2 s-l for ethylene 

glycol [ 191. 

RESULTS 

For water the measurements were made with fully 
developed turbulent flow in the test section and for 
ethylene glycol with laminar flow. The velocities used 

were limited at high flow rates by the very small 
numbers of bubbles that formed and by the very rapid 
way that they grew. The small number of bubbles at 
high flow velocities may have been due to the difficulty 
of maintaining a sufficiently low pressure in the test 
section, although for all measurements the test section 

pressure was substantially constant at around 
60 kNm-*, and did not rise much with increasing flow 
rates. The great majority of the bubbles appeared on 
the upper half of the test section wall, suggesting that 
the bubbles had nucleated on much smaller bubbles 
swent into the test section. that had risen under 

buoyancy and become attached to the wall. These 
initial very small bubbles may well have originated 
from cavitation in the valves that were used to restrict 
the flow upstream of the test section. Frequently it was 

possible to hear a characteristic hissing noise close to 
the valves. For this reason it was not possible to make 

measurements on vertical test sections. 
The local bubble Reynolds numbers for water 

ranged from about 40 to over 300. Fairly isolated 
bubbles were chosen for observation, ones that were in 

no danger of being touched by neighbouring bubbles 
and where bubble density in the immediate neigh- 

bourhood was 4-6cm-’ (with one exception, see 

later). In preliminary measurements on the treated 
glass surface it was found impossible to keep the 

bubble density down to this figure, and the growth 

rates were up to 50% lower than the ones reported in 
this paper. This problem was overcome by only 
treating a narrow ring of the test section with the water 

repellent, so that it became possible to make measure- 
ments on isolated bubbles. 

The contact angle on the untreated glass surface was 
around 22” for the water and water with surfactant and 
28’ with ethylene glycol. The Perspex surface gave 
contact angles of around 30” with water and with the 

water containing surfactant, but with ethylene glycol 

0 19 mm PERSPEX 

o 19 mm UNTREATED 

L 19 mm TREATEr 
/ 

Fro. 3. Experimental results for horizontal flow of water 
through various 19mm I.D. tubes. The theoretical bubble 
growth curve, in this and the following figures, is the 

orediction of equation (2) with Re, = lu/v. 
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Table 1. Values to be inserted into the empirical equation (S), to reproduce the 
experimental bubble growth rate data for the various surfaces to good accuracy 

Liquid 

Pure water 
Pure water 
Water with detergent 

Tube diameter 
(mm) Constant n In 

19 4.45 1.93 0.71 
23 10.3 1.74 0.39 
19 6.5 1.57 0.46 

gave such low contact angles that the bubbles would 
not adhere to the surface and measurements could not 
be made. With the treated glass surface much higher 
contact angles were achieved, 90” for water and water 
with surfactant and 82” for ethylene glycol. 

For pure water and ethylene glycol measurements 
were made for all possible combinations of tube size, 
nature of surface and flow direction. Since changing 
the flow direction did not have very much effect on the 
results, all the results for downward flow have been 
omitted from the figures. They were however, included 
in the data used to establish the empirical equations of 
Table 1. Preliminary experiments revealed that none of 
the surface active agents produced results that were 
dramatically different from those for pure water, so the 
detailed measurements were largely confined to 
10 ppm of Nansa YS 94 in the 19 mm tube. 

The results for dimensionless bubble volume in 
water as a function of time are shown in Figs. 3-8 
inclusive. In each case the theoretical curve is based on 
equation (2), but with the Reynolds number calculated 
as follows. The velocity is calculated from the approp 
riate velocity profile at a position equal to half the 
distance the bubble projects from the wall, as shown in 
Fig. 9, that is at a distance of h from the wall given by 

h = d(1 + cos Q/4. (3) 

The diameter d in the Reynolds number is replaced by 
the length of the bubble at a distance h from the wall, 
that is by 

I = d(0.75 + 0.5 cos f3 - 0.25 cosz Q1’2. (4) 

Figure 10 shows typical data for the variation of 

90 
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FIG. 4. Results for upward flow of water in inclined 19 mm 
tubes. 
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FIG. 5. Results for horizontal flow of water in 23 mm tubes. 
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FIG. 6. Results for upward flow of water in inclined 73 mm 
tubes 
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FIG. 7. Results for horizontal Bow of water with IOppm 

FIG. 8. Results for upward flow of water with surfactant. 

bubble growth rate with initial bubble Reynolds 
number. 

It was found possible to summarise the experimental 

data using a small number of equations of the form 

V/P’, = I + constant (tD/&“Re$‘. (5) 

The values of the constants and the powers n and tn arc 

given in Table 1. These equations reproduce all of the 

experimental results with an accuracy of about + IO;,,. 
Reo is calculated in the same way, that is using the 
velocity at a distance h from the wall and the linear 
dimension 1. 

T - 
,/ ” 

_ -. 

_’ 

FIG. 9. Ear the purposes ofcalculation the bubble on the wail 
is assumed to be a truncated spbere. The bubble Reynolds 
number is calculated using the velocity at a distance h from 

surfactant (Nansa YS 94). the wall and the dtstance !. 
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FIG. 10. Experimental results showing the influence of initial 
bubble Reynolds number on the bubble growth rate. 
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FIG. il. Results for flow of ethylene glycol in 19 mm tubes. 
Experimental points for horizontal flow are indicated by 
circles and squares, and ones for inclined, upward flow by 

triangles. 
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FIG. 12. Results for ethylene glycol in 23 mm tubes. The 
circles and squares represent horizontal flow, the triangles 

upward flow. 

The ethylene glycol results are shown in Figs. 11 and 
12. Equation (2) is not valid for a laminar flow, so no 
theoretical prediction is given. 

DISCUSSION 

The experimental results for turbulent flow are in 
reasonable agreement with the theoretical predictions 
of equation (2), with the Reynolds number calculated 
as explained above. In fact all of the results are within 
+ 20% and - 30% of the theoretical prediction, and 
the great majority within +Oo/, and -20%. This is for 
V/V, values up to at least 50. In one case where the 
mass transfer rate was on the low side the explanation 
is probably that the bubbles on the surface were too 
close together, and neighbouring bubbles reduced the 
supply of fresh liquid available to the bubble under 
observation. This was in the 23 mm Perspex tube with 
water where the bubble density was higher at 
6-8 cm-‘. 

If more than a few percent of the surface is covered 
with bubbles the rate of mass transfer to an individual 
bubble will be significantly below the levels reported in 
this paper. 

The addition of surfactant to the water resulted in 
significantly lower growth rates, but most of the 
reduction was due to the changed density, viscosity 
and solubility, that is the theoretical prediction of 
equation (2) is reduced, so there is little evidence of any 
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anomalous reduction in mass transfer due to surface 4. R. A. M. Al-Haves and R. H. S. Winterton. Bubble 

skin effects. 
The general trend of the ethylene glycol results is 

very similar to that of the other liquids. If the results 
are fitted to the empirical equation (5) then the 

exponent of the (to/&)’ term is 1.68, within the range 
obtained in Table 1. Since in a laminar flow the liquid 

velocity past the bubble increases rapidly as the bubble 
grows it is a little surprising that the exponent is not 

higher. 
Although the equations given by Table 1 give the 

experimental data with about twice the accuracy of 

equation (2) there does not appear to be any good 
reason to prefer them. Equation (2) is a single equation 
covering all the cases and has some theoretical 

justification. 

CONCLUSIONS 

Mass transfer to bubbles adhering to a wall with 

liquid flowing past can be predicted using a theory 

similar to that successfully used for freely rising 

bubbles. For the surface active agents used there was 
little evidence that they produced a skin around the 

bubble that significantly impeded the mass transfer. 
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CROISSANCE DE BULLE DANS DES LIQUIDES EN ECOULEMENT 

Rbume-On prCsente des rtsultats expbimentaux sur le transfert de masse i des bulles d’air qui adhtrent a 
la paroi interne d’un tube a l’inttrieur duquel coule un liquide sursaturd. Les liquides utilis.% sont l’eau, l’eau 
avec addition d’agents tensioactifs et l’&thyltne-glycol. On trouve un accord assez satisfaisant avec une 

analyse bask sur la thCorie de la plnCtration. 
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BLASENWACHSTUM IN STRGMENDEN FLtiSSIGKEITEN 

Zusammenfassung - Fur den Stoffiibergang an Luftblasen, die an der Innenseite eines Rohres haften, das 
von iibersattigter Fliissigkeit durchstromt wird, wurden experimentelle Ergebnisse erhalten. 

Die verwendeten Fliissigkeiten waren Wasser, Wasser mit einem Zusatz oberflachenaktiver Substanzen 
und Athylenglykol. Gute Ubereinstimmung mit einer auf dem Penetrationsmodell beruhenden analytischen 

Berechnung wurde festgestelh. 

POCT llY3bIPbKOB HPM TE’IEHMM XGIJIKOCIEH 

AmoTaunn - nOJlj”iCHbI 3KCIlCpEiMCHTUIbHbIC AaHHbIC II0 IlCp.ZHOCy MaCCbI K IlY3bIPbKaM BO3AyXa Ha 

BHyTpCHHeii CTCHKC TPy6bI IIpI4 TeSCHWU IIe~CbILLICHHOii XGiRKOCTW. B Ka’iCCTBC XCKuAKOCTCii HCnOJIb- 

3OBUIHCb BOA& BOAi C AO6aBKaMH flOBCPXHOCTHOaKTABHbIX BeI&CTB H 3TUJICH rJIHKOJIb. nOJly’iCH0 

yAOB,ICTBOpHTCJIbHOC COBWACHHC C ~3j’,IbTaTaMH tiHWIHTHSWKO~0 HCC,ICAOBaHI,R Ha OCHOBaHIiH 

TCOPUU IIpOHHKHOBCHHZi. 


